We discuss a physical condition where the intermittent fluorescence of a single molecule is a modulated Poisson process, with a rate changing in time due to the influence of a fluctuating environment. We show that a deviation from the exponential waiting time distribution is compatible with a quasi-periodic and quasi-deterministic evolution of the Poisson rate. We argue that additional information on the system's aging or lack of aging might help to settle the ambiguities remaining after the experimental determination of the waiting time distribution. In the light of this perspective we discuss some recent experimental results, where the stretched exponential waiting time distribution is thought to afford information on the enzymatic activity.
Introduction
In the last few years there has been an increasing interest for single-molecule and, more in general, single-system spectroscopy [1, 2] . Usually these systems are characterized by intermittent fluorescence, namely, by two states, the light on state and light off state, or, more simply, the on and off states. The distribution densities of the times of sojourn τ in these two states are denoted by the symbols ψ on (τ ) and ψ of f (τ ). In the case of Blinking Quantum Dots (BQD) [3, 4, 5, 6] there is a general agreement that these are renewal processes, namely, that the jump from the one state to the other has the effect of resetting to zero the system's memory. The functions ψ on (τ ) and ψ of f (τ ) are found to be inverse power laws, whose indexes are, according to Ref. [8] , µ on = 1.7 and µ of f = 1.75.
The recent work of Ref. [7] , on the catalytic activity of a fluctuating enzyme [7] , shows that the intermittent fluorescence of a fluorogenic substrate reflects the fluctuating enzyme conformation. In this case the function ψ on (τ ) is exponential, and the complexity of the system is signaled by the function ψ of f (τ ), which turns out to be a stretched exponential
with α = 0.15. The earlier mentioned information on the enzyme fluctuations is afforded by the ordered off waiting times, whose clustering structure seems to correspond to the enzyme aperiodic "breathing".
In this Letter we argue that the experimental results of Ref. [7] could be the signature of a physical condition significantly departing from the BQD renewal character. To make this point clear we use a simple stochastic model based on the modulation of a Poisson process. Our arguments are based on the results found in Refs. [9, 10, 11] , according to which slow modulation of Poisson processes and non-Poisson renewal processes are different physical conditions, in spite of the fact that they may lead to the same waiting time distribution. The aging properties of the system can be used to distinguish between these two physical conditions, and with this technique the authors of Ref. [9] proved the BQD intermittent fluorescence to be renewal. Here we go beyond Refs. [9, 10] insofar as we assign to the time dependent enzyme conformation the role of producing a quasi-periodic rather than stochastic modulation, producing a sort of stochastic resonance [12, 13, 14] . Although the experimental results of Ref. [7] suggest the occurrence of enzyme fluctuations to be erratic, we follow the guidelines of Winfree [15] for biological processes and we assign to the enzyme the property of a biological clock, yielding results compatible with the experimental findings of Ref. [7] . From a formal point of view the problem to solve is similar to that recently discussed by Beck [16] , as, in both cases, the stretched exponential is expressed as a sum of infinitely many exponential functions. However, in [16] Beck discussed energy rather than time distributions and, more important, he focused on the range of small rates, corresponding to the limit of large energies (or times). Here, on the contrary, we focus on the short-time behavior.
Slow Modulation
We assume that the time duration of the on state is negligible, so that the system, after jumping from the off to the on state, jumps back to the off state almost immediately. Thus, the on state is a kind of flashing snapshot, and the distance between two consecutive snapshots is described by ψ of f (τ ).
Let us omit for simplicity's sake the subscript off and let us assign to ψ(τ ) the following form:
being ψ q (τ ) = qe −qτ the exponential waiting time distribution related to the Poisson process with given rate q and ψ 0 = α/(t 0 Γ(1/α)) the normalization constant. This formula indicates that the experimentally detected stretched exponential is derived from the superposition of infinitely many exponential distributions. The parameter q is the rate of snapshot production, and the clock action of the enzyme is realized by its influence on the instantaneous value of this rate. We assume that the enzyme fluctuations are very slow so that many snapshots with a fixed rate are realized before the enzyme configuration is significantly changed. Under this condition, it is correct to apply the following:
which in fact makes the weight Π(q) inversely proportional to the rate of temporal change of q. The parameter T has the crucial role of keeping the time scale under control. The time scale is expressed in terms of an arbitrary time unit that can be properly adjusted to fit the experimental results. We assume the rate q(t) to increase in time from a minimum value, denoted by q 0 , to a maximum and very large value, called q f , from which it decays slowly to the minimum value, and so on, thereby confining the stretched exponential distribution to a limited time range, which can, however, include several decades, depending on the choice of the parameters q 0 , q f and T . The switches between increasing and decreasing patterns of q(t) correspond to abrupt changes in the slope, which make q(t) piecewise smooth, and exactly periodic as well.
However, once a waiting time is selected we leave it to stretch beyond the transition point, thereby making the exactly periodic enzyme conformation change produce random effects that, as we shall see, mimic the experimental results.
According to Eq. (2), ψ(τ ) is the Laplace transform of the function f (q) = qΠ(q). Thus, from the short-time limit, where the stretched exponential reads
using the Tauberian theorem, we find for Π(q), at q ≫ 1, the following asymptotic expression
By plugging Eq. (5) within Eq. (3), we obtain
The integration of Eq. (6) yields the following results:
referring to the cases of increasing and decreasing rate, respectively. The times T inc and T dec are defined by
and the parameter r, determining the coefficient α of the stretched exponential is given by
These analytical results correspond to the correct derivation of the stretched exponential under the limiting condition of very slow modulation, namely, under the condition that T is large enough. However, in the numerical calculation of Section 3 we shall not place any restriction on the value of T , for the basic purpose of showing the emergence of renewal events obtained by releasing the slow-modulation condition.
Numerical results
For the numerical results of this section we used the following values of the parameters: α = 0.2, q 0 = 10 and q f = 10 3 . Thanks to Eq. (2) the only fitting parameter remains t 0 . Figures 1(a) to 1(c) show the waiting time distribution ψ(τ ) for different values of the parameter T . Fig. 1(a) refers to T = 0.1. In this case the slow modulation condition is violated. The deviation from the stretched exponential form becomes evident in the long-time limit, but in the short-time region, where the numerical results are more accurate, the fitting to a stretched exponential form is still good. This is the case where, as we shall see in Section 4, the process can be classified as renewal. Fig. 1(c) refers to a case of very slow modulation, and the agreement between theory and numerical result is accurate in the whole time regime. The case of Fig. 1(b) refers to a much faster modulation, which is however still slow enough as to reproduce the stretched exponential function as satisfactorily as Fig. 1(c) in the whole time regime. To illustrate the resonant effects mentioned in Section 1 we plot the waiting time lengths in chronological order, for a fixed number of enzyme fluctuations, the three figures on the left-hand side of Fig. 4 , and for a fixed number of the system's jumps, the three figures on the right-hand side of Fig. 4 . This second condition reveals the occurrence of a resonance effect, which becomes more and more evident by increasing T , in accordance with the earlier results of Ref. [14] . We note that from a qualitative point of view the intermediate case, with T = 1, is the closest to the experimental results of Ref. [7] .
Aging Experiment
We now apply the technique of renewal assessment of Ref. [9] , to which we refer the readers for details. In addition to ψ(τ ), we evaluate also the aged waiting time distribution ψ exp (τ, t a ). This is done as follows. Let us record the times of event occurrence, {t i }, according to the modulation prescription of Section 2.
Given an aging time t a , for each time t i we record the first time of the sequence at a distance from t i equal to or larger than t i + t a . This time will be some t k , with k > i. Then we record the time distance τ (t i , t a ) = t k −(t i +t a ), generating a sort of truncated waiting time. This is the first waiting time recorded in an experiment starting at time t i + t a . We repeat this procedure for all the times of the sequence {t i }, and we use the sequence of these recorded time distances to generate the distribution density ψ exp (τ, t a ). The brand-new distribution is given by t a = 0 and corresponds to the waiting time distribution ψ(τ ) given in Eq. (2) . In a real sequence of waiting times, ψ(τ ) would correspond to the experimental histogram. According to the renewal theory ψ(τ ) is expected to produce:
where K(t a ) is a suitable normalization constant. By plugging ψ exp (τ ) and ψ ren (τ ) in the definition of survival probability
we generate Ψ exp (t) and Ψ ren (t), respectively, and the process is judged [9] to be renewal if they coincide. We denote by the symbol Ψ 0 the brand new survival probability.
In Figs. 3, 4 and 5 we illustrate the results of the aging experiment applied to the three modulation conditions discussed in Section 3. We see that the condition T = 0.1, illustrated in Fig. 3 , according to the criteria established in Ref. [9] can be considered renewal. The case of extremely slow modulation of results of Ref. [7] , produces a reduced aging effect.
Concluding Remarks
This letters sheds light into the experimental results of Ref. [7] , which might be a case of modulation intermediate between the fast and slow condition. For these conclusions to become compelling, a careful analysis of the experimental results should be done along the lines of Ref. [9] . For the time being, we limit ourselves to pointing out that according to the analysis of this letter the stretched exponential might be the consequence of the modulation exerted on the lipase reaction by the enzyme fluctuations, this being an interesting manifestation of stochastic resonance.
